Abstract. Let π: (M, H) → (B, b) be a submersion equipped with a horizontal connection H over a Riemannian manifold (B, b). We present an intrinsic curvature condition that only depends on the pair (H, b) . By studying a set of relative flat planes, we prove that a certain class of pairs (H, b) admits a compatible metric with positive sectional curvature only if they are fat, verifying Wilhelm's Conjecture in this class.
Introduction
Submersions from Lie groups constitute a main source of examples for manifolds with positive sectional curvature (see [Zil07] for a survey). Given a Riemannian submersion π : (M, g) → (B, b) (i.e., a submersion π : M → B such that the restriction dπ (ker dπ) ⊥ is an isometry), an usual practice is to deform the starting metric g along directions tangent to ker dπ. Here we study a curvature condition independent of such deformations (equation (1.2), Proposition 1.3).
Let π : (M, H) → (B, b) be a submersion equipped with a horizontal connection H, i.e., a distribution H complementary to V = ker dπ. We call a Riemannian metric g on M adapted to (H, b) if g(V, H) = 0 and dπ| H : H → T B is an isometry (given (H, b), the set of adapted metrics is in bijection with the set of metrics in V, which is usually infinite dimensional.) One verifies that π : (M, g) → (B, b) is Riemannian for any adapted metric g. Using the theory developed in this note we prove, for instance, the following result about homogeneous submersions (a broader class of spaces and metrics is considered in Theorem 1.3): Theorem 1.1. Let K< H< G be compact Lie groups and consider the submersion 
) is compact and has positive sectional curvature, then k < n. Generally, the existence of a fat connection implies Wilhelm's conjecture. In particular, Theorems 1.1 and Theorem 1.3 verifies Wilhelm's conjecture for particular classes of metrics.
Our strategy is to explore the behavior of the set of vertizontal planes that vanishes under Grey-O'Neill's A-tensor, assuming a certain curvature condition: given X, Y , horizontal vectors at p ∈ M , one computes A : H × H → V as
whereX,Ȳ ∈ H are horizontal extensions ofX,Ȳ and v stands for the projection onto the V-component. We also consider A * : H × V → H, the dual of A, defined as A * X ξ, Y = A X Y, ξ for all X, Y ∈ H and ξ ∈ V. Definition 1.2. Let π : (M, H) → (B, b) be a submersion. An adapted metric g is called weakly non-negatively curved (WNN) if every p ∈ M has a neighborhood U where
X ξ , for some τ > 0 and all X ∈ H| U , ξ ∈ V| U . Inequality (1.2) holds on submersion with totally geodesic fibers from a nonnegatively curved manifold, being a condition strictly weaker then non-negative sectional curvature -observe that (1.2) does not give any estimate on the curvature of the base, in contrast to non-negative curvature (see [O'N66] ). Furthermore, the WNN property is intrinsic to (H, b) (item (1) below).
Theorem 1.3. Let π : (M, H) → (B, b) be a submersion and g be adapted to (H, b).

Then, (1) g is weakly non-negatively curved if and only if every metric adapted to (H, b) is weakly non-negatively curved; (2) if g has non-negative sectional curvature and the fibers of π are totally geodesic, then g is weakly non-negatively curved; (3) suppose (M, g) is compact, weakly non-negatively curved and π has a compact structure group. Then, if g has positive sectional curvature, H is fat.
Based on item (1), we call a pair (H, b) weakly non-negatively curved if there is a WNN metric g adapted to (H, b). Theorem 1.1 follows from Theorem 1.3 by observing that G/K → G/H has a metric as in (2). Item (3) is proved through a flat-strip type of result (Lemma 2.2).
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Dual holonomy fields
The main tool used here is dual holonomy fields (as introduced in [Spe16] ). Let c be a horizontal curve, i.e.,ċ ∈ H, recall that a holonomy field ξ along c is a vertical field satisfying ∇ċξ = −A * c ξ − Sċξ, where S : H × H → V is the second fundamental form of the fibers:
Given a horizontal geodesic c, we define its infinitesimal holonomy transofrmationĉ(t) : V c(0) → V c(t) by settingĉ(t)ξ(0) = ξ(t), where ξ is a holonomy field along c. We recall that, given an adapted metric g, the dual holonomy field ν along c satisfies ([Spe16, Proposition 4.1]):
whereĉ(t)
− * is the inverse of the g-dual ofĉ(t). Let g, g ′ be metrics adapted to (H, b) and let P p : V p → V p be the tensor defined by
We use * to denote g-duals and † to denote g ′ -duals. Thus,
, where ν(t) is the dual holonomy field on (M, g) with initial condition ν(0) = P c(0) ν ′ (0). In particular, for every t,
Proof. According to the discussion above, 2) gives 2τ u(t) ≥ u ′ (t). Gronwall's inequality now implies that u(t) ≤ u(0)e 2τ t for all t ≥ 0. Replacing c byc(t) = c(−t) proves the assertion.
As a last observation, we recall an identity in [Spe16] . Given a Riemannian metric g, let K g (X, ν) = R g (X, ν, ν, X) be the unreduced sectional curvature of X ∧ ν. We recall from [Spe16, Proposition 4.2] that a dual holonomy field ν satisfies K g (ċ, ν(t)) = 1 2 
